E. Helly's selection principle states that an infinite bounded family of real functions on the closed inter¨al, which is bounded in¨ariation, contains a pointwise con¨ergent sequence whose limit is a function of bounded¨ariation. We extend this theorem to metric space valued mappings of bounded variation. Then we apply the extended Helly selection principle to obtain the existence of regular selections of Ž .
INTRODUCTION
This paper is devoted to the question of existence of those selections of Ž . a given set-valued mapping which preserve certain nice or regular properties of the mapping. There exists a vast literature on the existence of Ž regular selections for set-valued mappings with convex images cf. Michael w x w x w x w x 16 , Dommisch 10 , Aubin and Frankowska 1 , Dentcheva 9 , and refer-. ences therein . If the images are not convex, one cannot in general expect more than measurable selections or selections which are Baire mappings Ž w x w x. see Kuratowski and Ryll-Nardzewski 15 and Coban 7 ; indeed, many examples exist to show that a continuous mapping from a closed interval into nonempty compact subsets of a ball in ‫ޒ‬ 2 or even a Lipschitz-continuous mapping from ‫ޒ‬ 3 into nonempty compact subsets of a ball in ‫ޒ‬ 3 need Ž w x. not admit a continuous selection see, e.g., Hermes 13 . We are going to show that the situation is different if the domain of the set-valued mapping F under consideration is an interval of the real line, the values of F lie in an arbitrary metric space, and the total variation of F with respect to the Hausdorff metric is finite. We are interested in finding those selections of bounded variation of F which pass through a given point of the graph of F and whose total variation does not exceed Ž . the total variation of F. If X is a finite-or infinite-dimensional Banach space, the existence of regular selections of bounded variation in different w x senses was proved in 2᎐6 under the assumption that the graph of the Ž . set-valued mapping is compact for more details see Section 2 . In this paper we generalize certain theorems on the existence of regular selections for set-valued mappings of bounded Jordan variation with images that are arbitrary, nonempty, compact subsets of a metric space.
First we establish the following Helly type selection principle: an infinite pointwise precompact family of metric space¨alued mappings on the closed inter¨al of the real line, which is bounded in¨ariation, contains a pointwise Ž con¨ergent sequence whose limit is a mapping of bounded¨ariation Theorem . 1 . Then we apply the Helly selection principle to obtain the existence of regular selections: any set-¨alued mapping from an inter¨al of the real line into nonempty compact subsets of a metric space, which is of bounded ariation with respect to the Hausdorff metric, admits a selection of bounded Ž . ariation Theorem 2 . Finally, we show that the more regular the set-val-Ž ued mapping is under consideration i.e., Lipschitzian, absolutely continu-. ous, or of bounded generalized Riesz ⌽-variation the more regular Ž . selection it admits Theorem 3 .
PRELIMINARIES AND PRINCIPAL RESULTS
We begin with reviewing some definitions and facts needed for our results.
Ž . Let X, d be a metric space, and let E ; ‫ޒ‬ be a nonempty set. Denote by X E the set of all mappings f : E ª X from E into X. Given f g X E , Ž . the total Jordan¨ariation of f is the quantity
Ž .
Ä 4 m where the supremum is taken over all partitions T s t of E, i.e., the form m g ‫ގ‬ and a s t -t -иии -t -t s b.
A family of mappings F F ; X is said to be a of uniformly bounded ariation or bounded in¨ariation if there exists a constant C G 0 such that
, its closure is compact in X for all t g E; c bounded in the case X s ‫ޒ‬ if there is a constant C G 0 such that
is said to be pointwise con¨ergent on E to a mapping Jordan decomposition theorem i.e., a function f g ‫ޒ‬ is of bounded variation if and only if it is the difference of two bounded nondecreasing . w x functions and the following theorem which was originally due to Helly 12 Ž and is sometimes called a selection principle for monotone functions its w proof can also be found, e.g., in the book of Natanson 18 
Ž .
The interest in the Helly selection principle s is natural due to its numerous applications in analysis. Let us mention the recent work of w x Fuchino and Plewik 11 where Theorem A is generalized onto monotone mappings between linearly ordered sets. In this paper we present another generalization of Helly's selection principle for mappings of bounded variation with values in metric spaces and its application to the selection problem for set-valued mappings of bounded variation. In order to estab-Ž lish the existence of regular selections of multifunctions s set-valued . mappings of bounded Jordan variation with respect to the Hausdorff metric, the second author proved the following extension of the Helly w x selection principle 2, 3 : Theorem A was extensively used in the proof of Theorem B, but for metric space valued mappings the Jordan decomposition theorem is inapw x plicable, and, hence, the following structural theorem was used in 3 ; see Theorem C below. In order to formulate it, recall that a mapping g: E ª X is said to be Lipschitzian if the following quantity, called the Ž . minimal Lipschitz constant of g, is finite:
Also, the composition g ( : J ª X of two mappings g: E ª X and : replaced by a weaker condition: ''for every t g a, b the set F F t s f t ¬ 4 Ž . f g F F is precompact in X '' recall the Arzela-Ascoli theorem! . In thè present paper we give the affirmative answer to this question. Moreover, we will show that the continuity condition on the family F F as well as the completeness of X are redundant even for metric space valued mappings. The first main result of this paper, which will be proved in Section 3, is the following 
It is well known that the mapping D и, и is a metric on the set of all nonempty closed bounded subsets of X and, in particular, on the set of all nonempty compact subsets of X.
Given two nonempty sets E and X, any mapping F associating to each Ž .
Ä 4 m where the supremum is taken over all partitions T s t of the set E.
i is0
The mapping F: E i X is said to admit a selection if there exists a Ž .
w x In 2 the following theorem on the existence of selections was proved Ž Ž . . note that no convexity of images F t of F are assumed : 
and F of bounded generalized Riesz ⌽-variation admits a selection of Ž w x bounded generalized Riesz ⌽-variation Chistyakov 4᎐6 if dim X F ϱ . and F is compact-valued . Thus, a set-valued mapping F having a property Ž P P where P P is either Lipschitzian, absolutely continuous, of bounded variation, continuous and of bounded variation, or of bounded generalized . Riesz ⌽-variation with respect to the Hausdorff metric D, generated by the norm in X, admits a selection with the property P P with respect to the norm in X. If a selection of F inherits the property P P of F, it is called a regular selection of F.
Ž . Having Helly's type selection principle Theorem 1 at hand, we are able to remove the conditions of linearity and completeness of X and the compactness of the graph of F from Theorem D and to obtain the second main result of this paper, which will be proved in Section 4:
w a, bx t g a, b and x g F t , then F admits a regular selection f g X of
In Section 5 we show that if the compact-valued set-valued mapping F w x Ž from a, b into X is Lipschitzian respectively, continuous and of bounded . variation, absolutely continuous, of bounded Riesz ⌽-variation with respect to the Hausdorff metric D s D , then it admits a regular selection
which is Lipschitzian respectively, continuous and of bounded . variation, absolutely continuous, of bounded Riesz ⌽-variation with respect to the metric d on X.
PROOF OF THEOREM 1
In order to prove Theorem 1 we need a lemma.
Ž . 
, which is convergent in X. Similarly, let
be a convergent subsequence of f t , and inductively,
vergent on the set J.
Proof of Theorem 1. For the sake of clarity we divide the proof into six steps.
Ž .
Step 1 common auxiliary part . Since the family F F is of uniformly Ž w x. bounded variation, there exists a constant C G 0 such that V f, a, b F C for all f g F F. According to Theorem C, any f g F F can be written in the w x Ž . Ž w x. w x form f s g ( on a, b , where t s V f, a, t , t g a, b , and g :
and f g F F , and so, by Theorem A, it contains a sequence Ä 4 ϱ Ž corresponding to the decomposition f s g ( i.e., s n ns1 n n n n f n . w x and g s g for all n g ‫,ގ‬ which converges pointwise on a, b to a n f n Ž .
w a, bx nondecreasing and bounded and nonnegative function g ‫ޒ‬ as
In Steps 2᎐4 the following hypothesis will be used:
Step 2. Under the hypothesis 3 the domain of g is the closed
We extend each mapping g to the
n n Ä 4 ϱ w x Let us prove that the set g is pointwise precompact on 0, L . Ž . so it contains a subsequence denoted as the whole sequence such that Ž Ž . . Ž Ž . . d f t , x ª 0 as n ª ϱ for some x g X. We will show that d g , x n n ª 0 as n ª ϱ. For all n g ‫ގ‬ we have
n n n n Ž . Ž . By Step 1, t tends to t as n ª ϱ, and so it suffices to show that n Ž .
n n n < Ž . Ž .< Ž . or t y t F for all n G N . Now the cases t s a and t s b n n are treated with obvious modifications.
Step 
with the right hand side tending to zero as n ª ϱ. This proves the w x pointwise convergence of f to f on the interval a, b . Ž . w x continuous on an open interval ␣, ␤ ; a, b . We will prove that a
with ␣ ª ␣ and ␤ ª ␤ as k ª ϱ. For each n g ‫ގ‬ kq 1 k k w x denote by f the restriction of f to ␣ , ␤ , so that we have the
Ž. and g : ␣ , ␤ ª X is Lipschitzian with Lip g F 1. Moreover, as˜ñ
Ž . w x n ª ϱ, we have t ª t s t y ␣ for all t g ␣ , ␤ . Since ñ 
Ž . wise on a , b , and so on. As a result, we get the diagonal subsequence 
, we have that F F t s t e is precompact in n n n s1 n ns1
l l ‫ގ‬ if and only if t s 0; V f , 0, 1 s 1 for all n g ‫;ގ‬ no subsequence
Ž . w x shows also that the precompactness of the families F F t , t g a, b , cannot be replaced by their closedness and boundedness. 
n n Ä 1 4 ϱ by Theorem 1, the family F F contains a sequence f which is pointwise n ns1
contains a subse-
which is pointwise convergent on a , b > a , b , and so
Ä n 4 ϱ forth. The diagonal sequence f ; F F converges pointwise on I to a n ns1 I mapping from X of bounded variation.
PROOF OF THEOREM 2
w x Proof of Theorem 2. Let E ; a, b be the set of all discontinuity points Ä 4 m of F. If E s t is finite, we set t s t for j g ‫,ގ‬ j ) m, and since F j js1 j m is of bounded variation, E is at most countable, and we may write Ž .
. . , k n and the element x g F t is already
Ž. Now, if t s a, i.e., k n s 0, we define x g F t following a and
2 n Ž 2 n . c , and if t s b, i.e., k n s 2 n, we define x g F t in accordance
Ž . with a and b .
Also, for each n g ‫ގ‬ we define a mapping f g X w a, bx as follows:
2 n Ž . Ž . We have f t s f t s x s x and, by virtue of b and c ,
In order to apply the Helly type selection principle, we have to verify Ä Ž .4 ϱ w x that the sequence f t is precompact in X for all t g a, b . If
there exists a number n t g ‫ގ‬ depending on t 0 0 Ž . such that t g T for all n G n t , and so
Ž . thanks to 7 , a , b , and c , and it suffices to take into account the Ž . Ž . compactness of F t . Now, if t g a, b _ E and t / t , F is continuous at t 0 Ž . Ä with respect to D s D , and for every n g ‫ގ‬ there exists i n g 0, 1, . . . ,
2 n 2 n y 1 such that t F t -t . It follows from 7 that f t s x g iŽ n. iŽ n.q1 n i Ž n.
2 n F t , n g ‫,ގ‬ and 6 implies t ª t as n ª ϱ. Choosing, for each
the continuity of F and the definition of the Hausdorff metric we have
Ž . Ä n 4 ϱ Ž . Since F t is compact and x ; F t , there exists a subsequence of t ns1
denoted by the same symbol which converges to an element t ns1
Ž . x g F t as n ª ϱ. Therefore, . we use the notation of the whole sequence which converges pointwise on w x w a, bx
Ž . The inclusion f t g F t for all t g a, b follows from 9 and 10 .
Ž w x. It remains to observe that the lower semicontinuity of V и, a, b and Ž . 8 yield
Ž . Ž . f g X to be a selection of F on I such that f r s f r and
The case when I ; ‫ޒ‬ is a half-closed interval is treated similarly.
MORE REGULAR SELECTIONS
In this section we will show that the more regular the set-valued mapping of bounded variation is under consideration, the more regular selection it admits. Ž . Let X, d be a metric space, and let E ; ‫ޒ‬ be a nonempty set. Recall E Ž . that a mapping f g X is said to be: a absolutely continuous on E if there Ž .
Ä 4 m where the supremum is taken over all partitions T s t of the set E i is0 w . w . and ⌽: 0, ϱ ª 0, ϱ is a convex continuous function vanishing at zero Ž . only and such that lim ⌽ r s ϱ.
is known that e.g., 6, 8 : i if f is Lipschitzian or of Ž . bounded Riesz ⌽-variation, then f is absolutely continuous; ii if E is bounded and f is Lipschitzian, then f is of bounded Riesz ⌽-variation; Ž .
iii if E is compact and f is absolutely continuous or of bounded Riesz Ž . w x ⌽-variation, then f is of bounded Jordan variation. Moreover 
Ž .
Proof. a Since F is Lipschitzian, it is of bounded variation, so let f g X w a, bx be a selection of F constructed in the proof of Theorem 2. With Ž . no loss of generality, we may assume that the sequence 7 converges to f w x pointwise on a, b as n ª ϱ. To prove that f is Lipschitzian, let a F t -s Ž . Ž . Ä 4 -b. Then for any n g ‫ގ‬ there exist i n , j n g 0, 1, . . . , 2 n y 1 such 2 n 2 n 2 n 2 n Ž . Ž . 
